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^^, Abstract. We prove that solutions to the Monge-Ampere inequality 

, C^ ■ det D'^u > 1 

in R" are strictly convex away from a singular set of Hausdorff n—1 dimensional 

measure zero. Furthermore, we show this is optimal by constructing solutions 

^*^ ' to det D^u = 1 with singular set of Hausdorff dimension as close as we like 

to n — 1. As a consequence we obtain W'^'^ regularity for the Monge-Ampere 
equation with bounded right hand side and unique continuation for the Monge- 
Ampere equation with sufficiently regular right hand side. 



< 

"jrt . 1. Introduction 

In this paper we investigate the Hausdorff dimension of the set where Alexandrov 
solutions (see Section 2 for the precise definition) to 

(N ! detl?^u> 1 

> 

\^Q ■ are not strictly convex. Recall that we say that a convex function u is strictly 

f^ ' convex at xq if there exists L^o, a supporting tangent plane at xq, such that 

^— N '_ Our main theorem is: 

™ ' Theorem 1.1. Assume u is an Alexandrov solution to 

det D^u > 1 
J^ , in Bi C M" . Then u is strictly convex away from a singular set S with 

c^ ■ 

We show this is optimal by constructing solutions to det D^u = 1 with singular 
set of Hausdorff dimension as close as we like to n — 1. This result is interesting 
especially for n > 3 since it is well-known that in two dimensions solutions to 
det D'^u > 1 are strictly convex. 

Theorem 11.11 has several applications to the regularity theory for singular solu- 
tions to the Monge-Ampere equation with bounded right hand side, which we now 
describe. 

Caffarelli developed a regularity theory of solutions to 

det D'^u^f in f7, A</<A 

at points where u is strictly convex. We briefly summarize the main results. We 
define a section of u at a; with height h and slope p by 

Sh,p{^) = {y efl : u{y) < u{x) + p ■ {y - x) + h} 
1 
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for some subgradient p aX x. If u is strictly convex at x then we can find a subgradi- 
ent p such that the supporting plane of this slope touches only at x, and then take 
h small enough that Sh.p{x) CC 51. In this setting, CafFarelli f |Cl) . |C2] ) showed 
that 

(i) u is strictly convex in Sh,p{x) and u e C;j"(S'/i^p(x)), 
(ii) If / e C"(0) then u e C;^"(5/>,p(a;)), and 
(iii) For every p > 1 there is some e{p) > such that if |/ — 1| < e then 

u e w^^^iS>,,p{x)). 

However, these regularity theorems fail at points where u is not strictly convex. 
Consider the well-known Pogorelov examples on J5i C M", n > 3 which degen- 
erate along x' = {xi, ...,Xn-i) = 0. One constructs these examples by seeking 
solutions of the form |a;'| -I- \x'\'^g{xn) and \x'\°'f{xn)- The first is 

\x'\ + \x'r/'ii+xi), 

which solves A < det D^u < A but is merely Lipschitz. The second is 

|xf-^/"(l + .^), 

which solves det D^u = / with / strictly positive and smooth, but is only C^'" for 
a^l-2/n and W^^p for p < ^i^^. 

In C3, , Caffarelli generalizes these examples to solutions that degenerate along 
subspaces of any dimension less than j, and shows that it is not possible to find 
solutions degenerating on subspaces of dimension ^ or higher. We provide a short 
proof in the next section (see Lemma |2.3[) . If u agrees with a linear function L on 
a fc-dimcnsional set, we say that {u = L} is a /c-dimensional singularity. Our proof 
of Theorem 11.11 in fact shows that the collection of fc-dimensional singularities has 
Hausdorff n — k dimensional measure zero (see Remark 13.41) . 

Since we cannot hope for C^ regularity or W'^'^ regularity of singular solutions 
to A < det D^u < A for large p, it is natural to ask what we can show about the 
integrability of the second derivatives. De Philippis, Figalli and Savin ( |DFSj . jDF] ) 
recently showed W'^'^'^'^ regularity of strictly convex solutions to A < detD^M < A, 
where e depends only on A, A and n. Our main theorem rules out the possibility 
that the second derivatives concentrate on E: 

Theorem 1.2. Let u be a solution to 

A < det D'^u < A 

in Bi C R". Then u G Wf;l{Bi). 

We also show that Theorem 11.21 is optimal by proving that the examples giving 
optimality of Theorem 1 1.1 1 are not in M/^.i+e f-Q^. ^ g^g gj^iall as we like. 

A second consequence of Theorem 11.11 is that the points of strict convexity for 
u form a connected set when / is bounded away from 0. If / is sufficiently regular 
we obtain unique continuation for the Monge- Ampere equation: 

Theorem 1.3. Assume that 

deiD'^u = AetD'^v^ f 

in an open connected set Q, C K", with f G C'^'°'{fl) strictly positive. If u — v on 
an open subset offl, then u = v in fl. 
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To our knowledge, these are the first Sobolev regularity and unique continuation 
results for singular solutions to the Monge- Ampere equation. 

The paper is organized as follows. In section 2 we present basic geometric prop- 
erties of the sections of solutions to det D^u > 1. In particular, we present an 
important estimate on the volume growth of sections that are not compactly con- 
tained and relate the volume of compactly contained sections to the Monge- Ampere 
mass of these sections. In section 3 we use these results at singular points together 
with the useful technique of replacing u by u + ■k\x\'^ to prove Theorem 11.11 In 
section 4 we construct, for any 5, a solution to det D^u — 1 with a singular set of 
Hausdorff dimension n — 1 — S, which shows that our main theorem is optimal. In 
section 5 we use Theorem ll.ll to prove Theorem ll.2l and we show that the examples 
constructed in section 4 are not in W^'^'^'^ for e as small as we like, which shows 
that W^'^ regularity is optimal. Finally, in section 6 we prove Theorem 11.31 by 
applying a classical unique continuation theorem in the set of strict convexity. 

In future work we intend to present a more precise, quantitative version of our 
main theorem to obtain LlogL estimates for the second derivatives of singular 
solutions to A < det D^u < A. 
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2. PRELIMINARIES 

We first recall the precise definition of Alexandrov solutions. Any convex func- 
tion V : n C M" — ?> M has an associated Borel measure Mv, called the Monge- 
Ampere measure, defined by 

Mv{A) = \Vv{A)\ 

where |Vw(A)| represents the Lebesgue measure of the image of the subgradients 
of w in A (see [Gut]). If u G C^, then 



\Vv{A)\ = / det D^vdx. 

J A 



I A 

Given a Borel measure /x, we say that v is an Alexandrov solution to 

det_D^u — fj, 
if Mv = jjL. 

For a convex function v defined on Vl C K", we define a section Sh,p{x) by 

Sh.pix) = {y e ri : v{y) < v{x) + p ■ (y - x) + h} 

for some subgradient p at x. We now present some results on the geometry of the 
sections. 
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Lemma 2.1. (John's Lemma). If K C M" is a hounded convex set with nonempty 
interior, and is the center of mass of K , then there exists an ellipsoid E and a 
dimensional constant C(n) such that 

E CK d C{n)E. 

We call E the John ellipsoid of K . There is some linear transformation A such that 
A{Bi) = E, and we say that A normalizes K. 

The next lemma is an important observation about the volume growth of sections 
which may not be compactly contained in i7: 

Lemma 2.2. Assume that deiD^u > 1 m fJ C M". Then if Sh,p{x) is any section 
of u, we have 

for some constant C depending only on n. 

Proof. Assume by translation that is the center of mass oi Sh^p{x). By subtracting 
a linear function we can assume that 

P = 0, u\qs^ o(a:) < 0, and I min m| = h. 

Sh,o{x) 

By John's Lemma, there is a linear transformation A that normalizes Sh,o{x). Let 

uix) = \ dot A\-^/"u{Ax). 

It is easy to check that 

detD'^u>l, u\gfi<0 

where Bi C Cl C B(jfn)- Then ^(Ixp — 1) is an upper barrier for u, so 

, . ., 1 
I mmul > — . 
n 2 

Since | detAj > c{n)\Sh,Q{x)\, the conclusion follows. D 



Caffarelli proved the next proposition in |C3j . We provide a short proof using a 
technique related to our proof of the main theorem. 

Lemma 2.3. Assume 

det D^u > 1 
in Bi C K" . Then u cannot vanish on a subspace of dimension ^ or higher. 

Proof. Suppose u vanishes on 

{Xk+l = ... = Xn = 0}. 

By subtracting a linear function of the form Ok+iXk+i + ... + a„x„ we may as- 
sume that u{ten) = o[t). Then Shfi{^) has length R(h)h in the e„ direction, 
where R{h) ^> oo as /i — )■ 0. Furthermore, S'/i,o(0) has length exceeding ^/i in the 
e„_fc, ..., e„_i directions, where C is the Lipschitz constant of u in i?i/2. Finally, 
S'/i,o(0) contains the unit ball in the subspace spanned by {ei, ..., e^}. We conclude 
that 

which contradicts Lemma 12.21 as /i ^ for k > ^. D 
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In particular, every solution to det D^u > 1 in two dimensions is strictly convex. 

We conclude the section with the following variant of Alexandrov's maximum 
principle. In the following c{n),C{n) denote small and large constants depending 
only on n, and their values may change from line to line. 

Lemma 2.4. Let v be any convex function on Q d M" with w|ao = 0. Then 

Mv{n)\n\ > c(n)|mint;|". 

Proof. By translation assume that the center of mass of i7 is 0. Let A normalize il 
and let 

v{x) = {detA)-^/"viAx). 
Then 

Mv{il) = {detA)-^Mv{n) 

with _Bi C ri C Bc(n) ■ 

The maximum of \v\ is achieved at some point x G 57. Let K be the function 
whose graph is the cone generated by {x,v{x)) and dBfjin). By convexity, 

Mv{n) > |Vi^(x)|. 

Since \7K{x) is a ball of radius at least c{n)\ minjj v\, we have 

|Vi^(:E)| > c(n)|minw|" > c(n)| det Aj^^] minu|". 

Finally, [detA| < C(n)|f2| so the conclusion follows. D 



3. Proof of Theorem 11.11 

In this section assume that 

det D^u > 1 
in Bi C M". Fix x e S and a subgradient p at x. By translation and subtracting 
a linear function assume that x — p = 0. Then {u = 0} contains a line segment of 
some length I. By Lemma [2^ 

Sh,o{0) < C(n);i"/2 

for aU h> 0. 

Letting v = u+ ^\x\'^ and denoting the sections of w by S^ , it follows that 

\siom < ^h^ 

for all h small. 

Theorem 1 1 . 1 1 thus follows from the following more general result: 

Theorem 3.1. Let v be any convex function on Bi C 18." with sections S^ , and 
let Tiy denote the set of points x such that for all subgradients p at x, there is some 
Cp such that 

\Slp{x)\ < Cph^ 
for all h small. Then 
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Proof of Theorem \1.1\: Let v = u + ^\x\'^ . By the discussion preceding the 
statement of Theorem 13. 1[ S C S^, . The conclusion follows from Theorem 13.11 D 

We briefly discuss the main ideas of the proof. Fix x G S« and a subgradient p 
at X. In the following analysis c, C will denote small and large constants depending 
on n and Cp. If S^ Jx) CC Bi then the definition of I]„ and Lemma [2T4l give 

Mv{Sl{x)) > ch"^ = c(/ti/2)«-i 

for all h small. 

An important technique of the proof is to replace v hy v -\- ^\x\'^ . Since 

S„ C S„+i|a,|2, 

it suffices to prove Theorem l3.1l for this case. Then all of the sections are compactly 
contained in Bi for h small, and the diameter of sections is at most h^/"^. By 
replacing the sections 5^ Ax) by Bnr^{x) and using a covering argument, we easily 
obtain that Si, has Hausdorff dimension at most n — \. 

Lemmas 13.21 and 13.31 improve this result as follows. We aim to rule out behavior 
like 

which has a singular hyperplane. For this example, the sections at {a;„ — 0} have 
the correct growth when we take supporting slopes with no x„-component, but the 
sections are too large when we take supporting slopes with x„-coinponent 1. 

In the first lemma we use that the sections are small for all supporting planes 
at a; G St, to show that v must grow much faster than quadratically in at least 
two directions, unlike the example above. In the second lemma we use the above 
observation about the Monge- Ampere mass of v in the directions where v grows 
much faster than quadratically from x. Since we replaced u by u + i|xp we also 
know that v grows at least quadratically in the remaining directions. This allows 
us to cover S„ with balls in which the Monge- Ampere mass of v is much larger than 
the radius to the n — 1, giving the desired improvement. 

In the following assume we have replaced w by w + ^|xp. 

Lemma 3.2. Fix x G S,,. For a supporting slope p at x, let 

di{h)>d2{h) >... >dn{h) 
denote the axis lengths of the John ellipsoid of the section Sf (x). Then 

dn-i{h) 



/ii/2 



— > as /i — )► 0. 



Proof. By translating and subtracting a linear function assume that x ^ p = Q. 
Assume by way of contradiction that we can find /i^ — s- and some J > such that 

dn-i{hk) > Shl''^ 

for all k. We first show that v is trapped by two tangent planes at 0. 

Let xi,k and X2,k be the points on dS^ q(0) where the hyperplanes perpendicular 
to the shortest axis of the John ellipsoid become tangent to dS^^ o(^^' ^^'•^ ^^^ P^,k 
and p2,k denote subgradients at these points. Since 

di{hk)d2{hk)--dn{hk) <Chf,^ , 



PARTIAL REGULARITY FOR SINGULAR SOLUTIONS 7 

we have that dn{hk) < g^ii hk for all k. By this observation and convexity we can 
rotate and pass to a subsequence such that 

Pi.k -^ Ci{S)en, P2.k ^ -C2{5)en. 

Then v is trapped by the planes ±c(5)x„. We conclude that 

^;;„o(0) C {|x„| < C{5)hk}. 

To complete the proof, we show that the volumes of sections obtained with tilted 
supporting planes are too large. Take the largest a such that v > axn and consider 
the sections 

Sk = 'S'(l+aC(<5))/ifc,a(0)- 

Then Sk engulf Sj^ q(0). Furthermore, 

sup{|a;„| : x £ Sk} = Rkhk, 

where Rk — > cxd as fc — > cxi. Indeed, if not, then for some small e and a sequence 
fei — > we would have v{x' , hi) > (a + e)hi for all x' . Convexity and u(0) — imply 
that V > {a -\- e)xn for all x„ > bi, which in turn implies that 

V > {a + e)xn, 

contradicting the definition of a. 

Finally, let (a;'^, Rkhk) G Sk be the point in Sk furthest in the e„ direction. Since 
V grows at least quadratically away from every tangent plane, we have 

\x',\<C{S,a)hl/\ 

Recall that 

Sl^oiO)c{\xn\<Cid)hk}nB^.j.iO). 

1/2 

Take any two points in {\xn\ < C{S)hk} H B 1/2(0) a distance 6hjJ apart, take 

k 

the lines from these points to {x'f., Rkhk) and denote the intersections of these lines 
with {xn — C{S)hk} by y and z. By elementary geometry. 



\y^z\>{S-C{a,S)/Rk)hl/\ 



1 /? 
Since diihk) > ShjJ for alH < n — 1, it follows that Sk contains the cone with 

1 /9 

vertex {x'i.,Rkhk) and base given by a ball of radius {S — C{a,5)/ Rk)hfj on the 
hyperplane {xn = C{d)hk}. We conclude that 

\Sk\>ciS,a)Rkh^, 
contradicting our definition of St, for k large. D 

Lemma 3.3. Fix a; G S^. For any e > 0, there is a sequence r^. — >■ such that 

Mv{B^,{x))>-jl-\ 

Proof. Fix a subgradient p at x and let di{h), ..., dn{h) be defined as in the state- 
ment of Lemma 13.21 Let 

r di(h) 

I = min <^ i : ——^ ^ as /i ^ 

Fix S small. Then we can find a sequence hk — > and rj depending only on p such 
that 

di{hk) < 6hl/\ 
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1 11 

and di{hk) > rih/J for all i < I. Rotate the axes so that the Ci are the axes for the 
John ellipsoid of S"^ (x) and assume by translation that a; = 0. 

Take the restriction of v to the subspace spanned by e/,...,e„, and call this 
restriction w. Let 

^fe' = siJx) n {xi = ... - xj^, = 0}, 

the slice of the section S"^ (x) in this subspace. Then since 

di{hk)d2{hk)...dn{hk) < Ch^^ 
and V grows at most quadratically in the first / — 1 directions, we have 



C ,B±^ 
Using this and Lemma [2.41 



\Sk\H'-'+^ < {i-i)/2^'ir^ 



Finally, let rk = C{n)dj{hk), with C{n) taken large enough that 

S^ C Br,/2{X). 

By strict quadratic growth in all directions, Vw(i?rfc(a;)) contains a ball of radius 
rfe/2 around every point in Vv{S'l^). It follows that 



7-1 



MviBr,ix))>c{n)Mw{S]:)ri 

By Lemma \3l2\ we have / < n — 1, so the conclusion follows. D 

We can complete the proof of theorem 13.11 with a covering argument. 

Proof of Theorem \3.1\: Fix e small. By Lemma 13. 3[ for each x S E^ we can 
choose an arbitrarily small r such that 

Mv{Br{x)) > -r"-i. 
e 

Cover Yiy n -81/2 with such balls, and choose a Vitali subcover {Br^{xi)}^i, i.e. a 
disjoint subcoUection such that Bj,r-{xi) cover E n -81/2- Then 

N N 

^(3r,)"'^ < CeY,Mv{BrM)) 

i=l 1=1 

<Ce, 

since v is locally Lipschitz and the B^ are disjoint. This means exactly that 

1/2 



H"-i(E,nBi/2)=0. 



D 
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Remark 3.4. Replacing Et, with 



+ k _ 



K = {\Slp\<Cph—}, l<k<n-l 

and replacing 1 with k in the preceding, one obtains that 7^"^*''(I]J) = 0. If 
det D^u > 1, such growth happens for u = u + ^|xp at points where u agrees 
with a linear function on a fc-dimensional subspace. This shows that the Hausdorff 
dimension of the ft-dimensional singularities is at most n — k. In particular, we 
recover Lemma [2731 since for A; > ^ we would have a fc-dimensional singularity with 
Hausdorff fc-dimensional measure 0. 

4. Examples 

In this section we construct examples of solutions to det D^u = 1 in R'^ such that 
S has Hausdorff dimension as close to 2 as we like. A small modification produces 
the analagous examples in M". 

For this section, fix (5 > small. We construct our examples in several steps, 
which we briefly describe: 

(i) First, we construct functions w with 

det D^w > 1 

in R'^ that degenerate along {xi = 0:2 = 0} and behave like Xi~ along the 
xi axis, 
(ii) Next, we construct a standard S C [—1,1] with Hausdorff dimension close 
to 1 and a convex function v on [—1,1] such that for any a; e 5, there is a 
tangent line such that v separates from this line faster than r^~ . 
(iii) Finally, we get our example by solving the Dirichlet problem 

detD^u=l inf7 = {|x'| <l}x [-1,1], u\gn ^ C{6){v{xi) + \x2\) 

and comparing with w at points in 5 x {0} x {±1}. 
In the following analysis c and C will denote small and large constants depending 
on 6. 

Construction of w: We look for a convex function w{xi,X2,X3) with the ho- 
mogeneity 

W{XI,X2,X3) = jh{X^/''xi,X^^''x2){l + xl), 

where a and /3 satisfy 1 < a,/3 < 2 and 

1 13 

(It is easy to check that > 3/2 is necessary for such a function to have det D'^w 

bounded below). Note that this rescaling preserves the curves X2 = mxi . 
Let f{x) denote 1 + x"^. An obvious candidate for w is 

■W{X1,X2,X3) = {x" +X^)f{x3). 

One checks that 

det D^w = |a;i|2"-2|^2|/3-2 ^^^^^ _ ^^(^ _ ^^^2 _ ^2^^^ _ ^^^^2) 

+ \xir^\x2\^^-^ (a/3(a - 1)(/? - l)f - a(3^{a - l)fxl) . 
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Take a = 2 — 6. Then for jxaj small depending on S we have 

detD^w > c((5)(|xi|2"-2|x2|'3-2 + |a;i|"-2|x2p'3-2). 

Along the curves X2 — mx^ , we compute 

det7^2^ > c{S){\mf-^ + jmp^-^) > ^(^^^ 

since 1 < /3 < 2. 

Thus, up to rescaling the X3-axis and multiplying by a constant, we have 

dcti:>2u;>l in f7=={|x'| < 1} X [-1,1]. 

Construction of S: Let e > be a small constant we will choose shortly 
depending on 6. Construct a self-similar set in [—1/2, 1/2] as follows: First, remove 
an open interval of length 7 = 1 — 2^^"^ from the center. Proceed inductively by 
removing intervals a fraction 7 of each of those that remains. Denote the centers 
of the intervals removed at stage k by {xi^k}i^i, and the intervals by 7^^. Finally, 
let 

5=[-l/2,l/2]-U,,fe4fe. 

It is easy to check that |/i,A:+i| = 72^(1+'^'^)'^ and that 5* has Hausdorff dimension 

1 

l+3c' 

Construction of v. Let 

/ |a;| |a;|<l 

^ ^ \ 2|a;| - 1 [a;! > 1 

We add rescalings of w together to produce the desired function: 

00 2'= 
<^) = E E 2-'(^+'^)'=w(7-^2(i+3^)'^(a; - x,,k)). 

k=l i=l 

We now check that v satisfies the desired properties: 

(i) v is convex, as the sum of convex functions. Furthermore, 

00 2 

Hx)\<cj2J2^-('^'^' 

00 

<c^2-'^ 

fe=i 

so V is bounded. 
(ii) Let X ^ S. We aim to show that v separates from a tangent line more than 
r^~ a distance r from x. By subtracting a line assume that v{x) — and 
that is a subgradient at x. Assume further that x + r < 1/2 and that 
2-(i+3e)fc < y, < 2-(i+3e)(fe-i)^ There are two cases to examine: 

Case 1: There is some y G {x+r/2, x+r)riS. Then by the construction 
of S it is easy to see that there is some interval li^k such that li^k C 
(x, X + r). On this interval, v grows by 

2-2(l+2.)fe > ^^2i±|f ^^^2-S 



PARTIAL REGULARITY FOR SINGULAR SOLUTIONS 11 

where we choose e so that 



l + 3e' 



Case 2: Otherwise, there is an interval lij of length exceeding r/2 
such that (x + r/2, x + r) C Ii,j. Then at the left point of lij, the slope 
of V jumps by at least 2^(1+'^)'^. It follows that at a; + r, u is at least 

Thus, V has the desired properties. 

Construction of u: We recall the following lemma on the solvability of the 
Monge- Ampere equation (see |Gut| V 

Lemma 4.1. If fl is open and convex, fi is a finite Borel measure and g is con- 
tinuous on dfl then there exists a unique convex solution u £ C(f2) to the Dirichlet 
problem 

dei D'^u = ^, u\dn = 9- 

Let g{xi,X2,X3) — C{v{xi) + \x2\) for a constant C depending on S we will 
choose shortly, and obtain u by solving the Dirichlet problem 

detD'^u=l in f7 = {Ix'l < 1} X [-1,1], u|an = ff- 

Take x £ S x {0} x {±1}. By translating and subtracting a linear function assume 
that xi = and is a subgradient for g at x. Taking C large we guarantee that 

g{xi,X2,±l) > C{xl~^ + \X2\) > w{xi,X2,±l) 

for all a;i, a;2, and that that g > w on the sides of fi. Thus, u > w in all of f2. Since 
u = at both (0,0, ±1) and w(0, 0,2:3) = for all \x3\ < 1, we have by convexity 
that u = along (0, 0, X3). 

We conclude that S contains S x {0} x (—1,1), which has Hausdorff dimension 
1 + -^— -2-^6 



Remark 4.2. To get the analagous example in R", take 

u{xi,X2,X3) + xl + ... + x\. 

Observe that this solution has exactly the behavior described by Lemma l3.2[ which 
says that u must grow faster than quadratically in two directions. In the next section 
we show that for any e, these examples are not in 14^^^^+*^ for 5 small enough. 

5. ly^'^ Regularity 

In this section we obtain W"^'^ regularity for singular solutions to the Monge- 
Ampere equation. Furthermore, by examining the examples in the previous section 
we show that we cannot improve this result to W^'^'^'^ regularity for an e depending 
on A, A and n. 

The following result of De Philippis, Figalli and Savin (see jDFS| ) gives W'^'^^^ 
regularity of solutions to A < det D'^u < A in compactly contained sections: 
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Theorem 5.1. Assume that 

A < det D'^u < a ini} and Sh{x) CC il. 
Then u S W^'^'^'^{Sh/2{x)) for some e depending only on A, A and n. 
l/j/2,1 j-egularity then follows from our main theorem. 

Proof of Theorem \1.2\: Theorem 15.11 gives local W^'^ regularity on 17 — E. By 
Theorem II. H for any 77 > we can cover S by balls {Bnixi}} such that 



E<"'<^- 



Let A = \J°^iBrJxi). Since u is a convex function, the second derivatives are 
controlled by Au. It follows that 



D''u\\dx< / Audx 
A J A 

00 



yj / Uv ds 



<cY.rr' 



<C7], 

where C is the Lipschitz constant of u. This shows that the second derivatives 
cannot concentrate on S. D 

We now examine the integrability of Au for the examples constructed in the 
previous section. On any ball Br-, by Holder's inequality we have 

(Au)i+' dx > c{n)r-'''' ( / Audx^ 

Recall that the subsolutions w grow like X2 = x^ ""'^^ in the X2 direction, and that 
these functions touch u by below at any x E S = S x {0} x (—1,1)"^^. It follows 
that 

sup {u — u{x)) > r^ 

dBr(x) 

for any 2; G E. Applying convexity, 

{Auf+^ dx > c{n)r-"' ( [ u^ ds) 

lB,{x) \JdBr ) 

> c(n)r("+^-2)(i+.)-.n 

Fix r\ small and cover 5 x {0} x (—1, 1)"^^ with balls of radius r^ < 77. Take a 
Vitali subcover {Br^XLi- It follows that 



^ 00 

/ {Auf^'dx>c{n)Y^ 

"'^1 1=1 



n-l-€+(l+e)| 
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Taking e = 46 above, we conclude that 



(Au)i+^dx>c(n)yrf-i-3^ 



1=1 



where the expression on the right goes to oo as 77 ^ because the Hausdorff 
dimension of 5 x {0} x (-1, l)"-^ jg „ _ x _ |^^ Thus, Au is not L'^+' for e > A6. 

Remark 5.2. In future work we intend to present a more precise version of Theorem 
11.11 which gives L log L regularity of second derivatives of singular solutions to 

A < det D'^u < A. 

6. Unique Continuation 

For our proof of unique continuation we rely on the following classical result: 

Theorem 6.1. Assume that D, C M" is a connected open set and u G W^^^ (51) is 
a weak solution to the equation 

di{a'^{x)uj) + V-{x)ui + c{x)u = 0, 

where a'^^{x) is Lipschitz and uniformly elliptic and b'{x),c{x) are bounded measur- 
able. If u = on some open subset of fl, then u = in fl. 



A proof can be found in Hormander's book [H], Theorem 17.2.6. In jAS| . the authors 
use the same theorem to prove unique continuation for fully nonlinear uniformly 
elliptic equations. 

We will apply this result to the difference of u and v, which solves a linear 
equation where u and v are sufficiently regular. Indeed, suppose u and v are C^ in 
a neighborhood of x and let Wt be the convex combination iu + (1 — t)v. Let (Wt)*-' 
be the matrix of cofactors for D'^wt- Then by expanding = /„ ^ det D^wtdt we 
get 

a''^x){u - v)^j =0, 
where 

a'^x)^ f {Wty'{x)dt. 
Jo 
The regularity theory of Caffarelli [C2 allows us to use this observation at points 
of strict convexity for solutions to the Monge- Ampere equation: 

Theorem 6.2. Assume 

det D^u — f in il, u\gn — 

where f £ C'^'°'(Q,) is strictly positive. Then 

u e C3'"(51). 

The proof of unique continuation follows easily from these observations and our 
main theorem. 

Proof of Theorem I J. 31 ' Let S„ and S^, be the singular sets of u and v respec- 
tively, and \ci A — Q, — (I]„ U Si,). Since A is dense in J7, it suffices to show that 
u ~ V on A. 

By Caffarelli's theory (fCl'), A is an open set, and by Theorem ll.il A is con- 
nected. By Theorem 16.21 the difference u — v satisfies the linear equation 

a''{x){u-v),j^Q 
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on A, where a'-' are locally uniformly elliptic and C*-*^'" in A. The conclusion follows 
from Theorem 16. II D 
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